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Abstract

The talk presents a rigorous theory of uncertainties in the reconstruc-
tions of the plasma current density and pressure profiles in the Grad-
Shafranov equation. The associated technique was incorporated into the
ESC code, which provides the calculations of characteristic cases with
different plasma cross-sections, aspect ratios and current distributions.
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1 A “rigorous” theory for a “non-rigorous” reality

The first reconstruction was motivated by experimentalists (A.Bortnikov)

1 9 7 3

T−9 (finger−ring tokamak) Kurchatov

Moscow Conf. on Pl.Ph. & Cntr.Fs.

∆∗Ψ̄ = −J(r, Ψ̄)

The HDG (Hand Driven Graphics) did prove the existence of elongation
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1.1 Linearized Grad-Shafranov equation

Basic notations for the Grad-Shafranov (GSh) equation

∆∗Ψ̄ ≡
∂2Ψ̄

∂r2
−

1

r

∂Ψ̄

∂r
+
∂2Ψ̄

∂z2
= −T − r2P, Ψ̄ ≡

Ψ

2π
,

T = T (Ψ̄) ≡ F̄
dF̄

dΨ̄
, F̄ ≡ rBϕ,

P = P (Ψ̄) ≡ p̄′,

B = Bpol +
1

r
F̄ (Ψ̄)eϕ, Bpol =

1

r
(∇Ψ̄ × eϕ),

p̄ = µ0p(Ψ̄), j̄(r, Ψ̄) ≡ µ0jϕ =
1

r
T + rP

(1.1)

GSh equation requires the boundary conditions and T (Ψ̄), P (Ψ̄)
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1.1 Linearized Grad-Shafranov equation (cont.)

Linearization is the fastest method of solving GSh equation

In flux coordinates a, ϕ, θ

∆∗Ψ̄ = −T (Ψ̄) − r2P (Ψ̄), Ψ̄ = Ψ̄0(a) + ψ(a, θ),

∆∗Ψ̄ = −T (Ψ̄0) − r2P (Ψ̄0) −
dT (Ψ̄0)

dΨ̄0

ψ − r2dP (Ψ̄0)

dΨ̄0

ψ,

∆∗Ψ̄0 = −T − r2P, ∆∗ψ + T ′ψ + r2P ′ψ = 0,

ψ(a, θ) → ξ(a, θ) = −
ψ(a, θ)

Ψ̄′
0

,

r(a+ ξ, θ) = r(a, θ) + r′

aξ, z(a+ ξ, θ) = z(a, θ) + z′

aξ

(1.2)

As a result of iterations (for given boundary conditions)

ψ → 0, Ψ̄ → Ψ̄0(a) (1.3)

This scheme automatically contains the linear response ξ(a, θ) to possible

perturbations of the plasma shape
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1.1 Linearized Grad-Shafranov equation (cont.)

Measurements of Ψ̄(r, z) and Br(r, z), Bz(r, z) are “excessive”

They are used to determine the current density of the GSh equation

j̄ϕ ≡ j̄s(a)
R0

r
+ j̄p(a)









r

R0

−
R0

r








, P =

j̄p

R0

, T = R0(j̄s − j̄p),

j̄s = j̄s0 +
m<NJ

∑

m=0
Jmf

m(a), j̄p = j̄p0 +
m<NP

∑

m=0
Pmf

m(a),

(1.4)

where R0 is the radius of the magnetic axis.

The linear response to perturbation of the current density profile is deter-
mined by

∆∗Ψ̄ = −T − r2P,

∆∗ψ + T ′(Ψ̄)ψ + r2P ′(Ψ̄)ψ = −R0

m<NJ
∑

m=0
Jmf

m(a)

−r









r

R0

−
R0

r









m<NP
∑

m=0
Pmf

m(a)

(1.5)

Solving nonlinear GSh equation and perturbation analysis are separated

Leonid E. Zakharov, Experimental Research Seminar, PPPL, Princeton NJ, August 08, 2006PRINCETON PLASMA
PHYSICS LABORATORY

PPPL 7



1.2 Singular Value Decomposition (SVD) and variances in j̄

Perturbations of equilibria perturb the “measurements”

Vectors of perturbations in equilibrium ~X and in measurements δ~S

ξ =
m<Nb

∑

m=0
Amξ

m(a, θ), δj̄s =
m<NJ

∑

m=0
Jmf

m(a), δj̄p =
m<NP

∑

m=0
Pmf

m(a),

~X ≡

∣

∣

∣

∣
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∣
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∣

∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

A0

A1

. . .

ANb−1

J0

. . .

JNJ−1

P0

. . .

PNP−1

∣

∣

∣

∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, δ~S ≡

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

Ψ0

Ψ1

. . .

ΨMΨ−1

B0

B1

. . .

BMB−1

∣

∣

∣

∣

∣

∣

∣

∣
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∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

N ≡ Nb +NJ +NP

M ≡ MΨ +MB

M > N

(1.6)

Vectors ~X and δ~S are linearly related
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1.2 Singular Value Decomposition (SVD) and variances in j̄ (cont.)

Linearized GSh equation determines the response matrix A

A ~X = δ~S, A = AM×N (1.7)

Using the SVD technique, A can be expressed as a product

A = U · W · VT
,

U = UM×N , UT
· U = I, Iki = δki ,

W = WN×N , W k
i = wiδ

k
i ,

V = VN×N , VT
· V = I

(1.8)

and the solution to it as a linear comebination of eigenvectors

~X = V · ~C, (1.9)

where

Columns of V and wk represent eigenvectors and eigenvalues
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1.2 Singular Value Decomposition (SVD) and variances in j̄ (cont.)

SVD of matrix A
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(1.10)

Vector ~X in terms of eigen-vectors
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(1.11)
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1.2 Singular Value Decomposition (SVD) and variances in j̄ (cont.)

Thanks to Neil Pomphrey SVD is in use in the Lab. It gives a
comprehensive information on variances in equilibrium.

The contribution of a single eigenvector ~Xk (one column of maV ) is de-
termined simply by

~Xk = (V)k, δ~Sk = wk~Uk, ~Uk = (U)k,

( ~XT
k · ~Xk) = 1, (~UT

k · ~Uk) = 1.

(1.12)

The eigenvectors ~X and wk can be renormalized in order to make the
perturbations in the current density comparable to the background j̄

A ~Xk = wk~Uk,

~Xk → α ~Xk, wk → αwk,

max(δj̄sk, δj̄pk) = max(j̄sk, j̄pk).

(1.13)

In the following, the perturbations in the plasma shape are dropped
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2 Characteristic cases of tokamak equilibria

SVD perturbation analysis can be performed on any given equilibrium

f_m i0=0 i1=41 0<= m <7 Basic functions

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1 j_s(a)

j_p(a)

PlCr

a    0    .2    .4    .6    .8
    0

   .2

   .4

   .6

   .8

    1

Trigonometric expansion functions background current density profiles
j̄s(a), j̄p(a)

Diamagnetic signal is not taken into account yet
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2.1 Shafranov’s model of circular cross-section

The model contains only two Fourier harmonics in magnetic geometry

log10 of Eigenvalues Variance= 1.000e+02

k    0     2     4

    -8

    -6

    -4

    -2

     0

gd j_s i0=0 i1=41 k0=0 k1=5

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1 gd j_p i0=0 i1=41 k0=0 k1=5

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1

Logarithm of eigen-
values wk (NJ=3, NP=2)

Eigen-functions δjks (a)
as functions of a.

Eigen-functions δjkp(a)

Only two numbers can be determined from external measurements
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2.2 Equilibrium with a circular cross-section

Circular equilibria with a full set of Fourier harmonics

z PlVac

r    5   5.2   5.4   5.6   5.8

  -.4

  -.2

    0

   .2

   .4

z PlVac

r    1   1.2   1.4   1.6   1.8

  -.4

  -.2

    0

   .2

   .4

Large R/a0 = 10 aspect ratio. Medium R/a0 = 2 aspect ra-
tio equilibrium.
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2.2 Equilibrium with a circular cross-section (cont.)

Circular equilibrium for R/a=10 is similar to Shafranov’s case

log10 of Eigenvalues Variance= 1.000e+02

k    0     2     4     6     8

    -8

    -6

    -4

    -2

     0

gd j_s i0=0 i1=41 k0=0 k1=9

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1 gd j_p i0=0 i1=41 k0=0 k1=9

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1

Logarithm of eigen-
values wk (NJ=5, NP=4)

Eigen-functions δjks (a)
as functions of a.

Eigen-functions δjkp(a)

Perturbations with k > 3 are invisible on B signals
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2.2 Equilibrium with a circular cross-section (cont.)

Medium aspect (R/a=2) ratio equilibrium. No information on pressure

log10 of Eigenvalues Variance= 1.000e+02

k    0     2     4     6     8

    -8

    -6

    -4

    -2

     0

gd j_s i0=0 i1=41 k0=0 k1=9

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1 gd j_p i0=0 i1=41 k0=0 k1=9

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1

Logarithm of eigen-
values wk (NJ=5, NP=4)

Eigen-functions δjks (a)
as functions of a.

Eigen-functions δjkp(a)

Perturbations with k > 4 are invisible on B signals independent on R/a
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2.2 Equilibrium with a circular cross-section (cont.)

Medium aspect (R/a=2) ratio equilibrium. Pressure profile is known

log10 of Eigenvalues Variance= 1.000e+02

k    0     2     4     6

    -8

    -6

    -4

    -2

     0

gd j_s i0=0 i1=41 k0=0 k1=7

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1 gd j_p i0=0 i1=41 k0=0 k1=7

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1

Logarithm of eigen-
values wk (NJ=7, NP=0)

Eigen-functions δjks (a)
as functions of a.

Eigen-functions δjkp(a)

Oscillatory perturbations of js with k > 4 are invisible on B
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2.3 Non-circular cross-sections

Pure elliptic κ = 2 and shaped δ = 0.4 plasma cross-section (R/a=3)

z PlVac

r    1   1.2   1.4   1.6   1.8     2
   -1

  -.5

    0

   .5

    1

z PlVac

r    1   1.2   1.4   1.6   1.8     2
   -1

  -.5

    0

   .5

    1

Elliptic plasma, R/a0 = 3 Shaped plasma, R/a0 = 3
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2.3 Non-circular cross-sections (cont.)

Elliptic plasma shape equilibrium withR/a=3. No information on pressure

log10 of Eigenvalues Variance= 1.000e+02

k    0     2     4     6     8

    -8

    -6

    -4

    -2

     0

gd j_s i0=0 i1=41 k0=0 k1=9

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1 gd j_p i0=0 i1=41 k0=0 k1=9

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1

Logarithm of eigen-
values wk (NJ=5, NP=4)

Eigen-functions δjks (a)
as functions of a.

Eigen-functions δjkp(a)

Perturbations with k > 7 are invisible on B, jp cannot be reconstructed
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2.3 Non-circular cross-sections (cont.)

Shaped plasma equilibrium with R/a=3. No information on pressure

log10 of Eigenvalues Variance= 1.000e+02

k    0     2     4     6     8

    -8

    -6

    -4

    -2

     0

gd j_s i0=0 i1=41 k0=0 k1=9

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1 gd j_p i0=0 i1=41 k0=0 k1=9

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1

Logarithm of eigen-
values wk (NJ=5, NP=4)

Eigen-functions δjks (a)
as functions of a.

Eigen-functions δjkp(a)

Perturbations with k > 8 are invisible on B, jp cannot be reconstructed
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2.4 Spherical tokamaks

Spherical Tokamak equilibria (R/a=1.4)

z PlVac

r    0    .2    .4    .6    .8     1   1.2
   -1

  -.5

    0

   .5

    1

z PlVac

r    0    .2    .4    .6    .8     1   1.2

   -1

  -.5

    0

   .5

    1

ST-like plasma, R/a0 = 1.4 Slant ST plasma, R/a0 = 1.4
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2.4 Spherical tokamaks (cont.)

ST-like plasma with R/a=1.4. No information on pressure

log10 of Eigenvalues Variance= 1.000e+02

k    0     2     4     6     8    10

    -8

    -6

    -4

    -2

     0

gd j_s i0=0 i1=41 k0=0 k1=10

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1 gd j_p i0=0 i1=41 k0=0 k1=10

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1

Logarithm of eigen-
values wk (NJ=6, NP=4)

Eigen-functions δjks (a)
as functions of a.

Eigen-functions δjkp(a)

Perturbations with k > 8 are invisible on B, jp cannot be reconstructed
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2.4 Spherical tokamaks (cont.)

ST-like plasma with R/a=1.4. Pressure profile is known

log10 of Eigenvalues Variance= 1.000e+02

k    0     2     4     6     8

    -8

    -6

    -4

    -2

     0

gd j_s i0=0 i1=41 k0=0 k1=9

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1 gd j_p i0=0 i1=41 k0=0 k1=9

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1

Logarithm of eigen-
values wk (NJ=9, NP=0)

Eigen-functions δjks (a)
as functions of a.

Eigen-functions δjkp(a)

Oscillatory perturbations with k > 6 are invisible on B
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2.4 Spherical tokamaks (cont.)

Slant ST plasma with R/a=1.4. No information on pressure

log10 of Eigenvalues Variance= 1.000e+02

k    0     2     4     6     8    10

    -8

    -6

    -4

    -2

     0

gd j_s i0=0 i1=41 k0=0 k1=10

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1 gd j_p i0=0 i1=41 k0=0 k1=10

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1

Logarithm of eigen-
values wk (NJ=6, NP=4)

Eigen-functions δjks (a)
as functions of a.

Eigen-functions δjkp(a)

Perturbations with k > 9 are invisible on B, jp cannot be reconstructed
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2.4 Spherical tokamaks (cont.)

Slant ST plasma with R/a=1.4. Pressure prifile is specified.

log10 of Eigenvalues Variance= 1.000e+02

k    0     2     4     6     8

    -8

    -6

    -4

    -2

     0

gd j_s i0=0 i1=41 k0=0 k1=9

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1 gd j_p i0=0 i1=41 k0=0 k1=9

a    0    .2    .4    .6    .8
    -1

   -.5

     0

    .5

     1

Logarithm of eigen-
values wk (NJ=9, NP=0)

Eigen-functions δjks (a)
as functions of a.

Eigen-functions δjkp(a)

Perturbations with k > 7 are invisible on B
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3 Summary

The practical technique for assessing the variances in equi-
librium current density reconstruction was demonstrated

It can be used as routine post-equilibrium reconstruction pro-
cessing.

The approach is open for insertion of other signals. (E.g., the
diamagnetic signal should be included).

Kinetic measurements of pressure or MSE (or equivalents)

are crucial for equilibrium reconstruction
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